On Size Multipartite Ramsey Numbers for Stars versus Cycles  by Lusiani, Anie et al.
 Procedia Computer Science  74 ( 2015 )  27 – 31 
Available online at www.sciencedirect.com
1877-0509 © 2015 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the Organizing Committee of ICGTIS 2015
doi: 10.1016/j.procs.2015.12.070 
ScienceDirect
International Conference on Graph Theory and Information Security
On Size Multipartite Ramsey Numbers for Stars versus Cycles
Anie Lusiania, Syafrizal Syb, Edy Tri Baskoroa, Chula Jayawardenec
aCombinatorial Mathematics Research Group Faculty of Mathematics and Natural Sciences,
Institut Teknologi Bandung, Jalan Ganesa 10, Bandung 40132, Indonesia
bDepartement of Mathematics Andalas University, Kampus Unand Limau Manis Padang 25163, Indonesia
cDepartement of Mathematics, University of Colombo, Colombo Sri Lanka
Abstract
For given two graphs G1 and G2, and integer j ≥ 2, the size multipartite Ramsey numbers mj(G1,G2) is the smallest integer t such
that every factorization of the graph Kj×t := F1 ⊕ F2 satisﬁes the following condition: either F1 contains G1 or F2 contains G2. In
this paper, we determine mj(S m,Cn) for j,m, n ≥ 3 where S m is a star on m vertices and Cn is a cycle on n vertices.
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1. Introduction
The notion of size multipartite Ramsey number was introduced by Burger and Vuuren[1] as follows. Let j, l, n, s
and t be natural numbers with n, s ≥ 2. Then, the size multipartite Ramsey number mj(Kn×l,Ks×t) is deﬁned as the
smallest natural number ζ such that an arbitrary coloring of the edges of Kj×ζ , using the two colors red and blue,
necessarily forces a red Kn×l or a blue Ks×t as subgraph.
Syafrizal Sy et al. [2] generalized this concept by removing the completeness requirement as follows. For given two
graphs G1 and G2, and integer j ≥ 2, the size multipartite Ramsey number mj(G1,G2) = t is the smallest integer such
that every factorization of graph Kj×t := F1⊕F2 satisﬁes the following condition: either F1 containsG1 as a subgraph
or F2 contains G2 as a subgraph.
Burger et al. [1] have determined the exact values of the size multipartite Ramsey numbers for a combination of two
complete graphs, mj(K2×2,K3×1). Furthermore, Syafrizal et al. determined the exact values of the size multipartite
Ramsey numbers for paths [2], a combination of small paths versus other graphs [3], and paths versus trees [4]. In 2014,
Surahmat et al. [5] determined the size multipartite Ramsey for paths versus stars.
Our goal in this paper is to determine the size multipartite Ramsey numbers for a combination of a star versus a
cycle, mj(Sm, Cn). A star S m is the graph on m vertices with one vertex of degree m − 1, called the center, and m − 1
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vertices of degree 1. A cycle Cn of length n ≥ 3 is a 2-regular connected graph on n vertices. Let Kj×t be a complete,
balanced, multipartite graph consisting of j partite sets and t vertices on each partite [1]. A graph G on n vertices is
pancyclic if G contains all cycles of every length l, 3 ≤ l ≤ n.
Let G be a graph with the vertex-set V(G) and the edge-set E(G). The neighborhood N(v) of a vertex v is the set
of vertices adjacent to v in G. The degree of a vertex x, denoted by d(x), is the number of vertices adjacent to x. The
minimum degree and maximum degree of G is denoted by δ(G) and Δ(G), respectively. G is a r − regular graph if
d(x) = r for all x ∈ V(G). Deﬁne Vu to be a partite set of G containing vertex u.
To show the results, we use the following lemma and theorem.
Lemma 1. (Bondy[6]) Let G be a graph of order n. If δ(G) ≥ n2 then either G is pancyclic or n is even and G  Kn2 , n2 .
Theorem 2. (Moon and Moser [7]) If G is a bipartite balanced graph of order 2n, with minimum degree δ(G) ≥ n+12 ,
then G is Hamiltonian.
2. Main Results
Syafrizal et.al. [8] showed the size multipartite Ramsey numbers for a combination of paths and cycles, mj(Pm,Cn),
for the case of n = 3 and 4, and any m ≥ 2. In this paper, we determine the size multipartite Ramsey numbers of stars
Sm and cycles Cn for m, n ≥ 3 in the following two theorems.
Theorem 3. For positive integers 3 ≤ n ≤ j and any m ≥ 3, we have:
mj(Sm,Cn) =
⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
1, if ( j = n = 4, and m = 3),( j = n = 6, and m = 4), or (3 ≤ m < j2 + 1),
2, if ( j = 4, 5 and n = m = 4), or (n is odd and either[ m = j2 + 1, j is even] or
[ m = 12 ( j + 3), j is odd]).
Proof. We consider two following cases.
Case 1. For ( j = n = 4 and m = 3), ( j = n = 6 and m = 4), or (3 ≤ m < j2 + 1).
Clearly, mj(Sm,Cn) ≥ 1. Now, we will show that mj(Sm,Cn) ≤ 1. Let Kj×1  Kj := F1⊕F2 be any factorization of Kj
and suppose that F1  Sm. Thus, Δ(F1) ≤ m−2, so δ(F2) ≥ ( j−1)−Δ(F1). We consider the following three subcases.
Subcase 1.1. For j = n = 4 and m = 3.
Since F1  S 3 or F1 is a (not necessarily maximal) matching, then Δ(F1) ≤ 1. Since j = 4, δ(F2) ≥ 2 = |V(F2)|2 . Thus,
by Lemma 1, F2 ⊇ C4. Hence, m4(S 3,C4) ≤ 1.
Subcase 1.2. For j = n = 6, and m = 4.
Since F1  S 4, Δ(F1) ≤ 2. Since j = 6, δ(F2) ≥ 3 = |V(F2)|2 . Thus, by Lemma 1, F2 is pancyclic or F2  K3,3. Thus,
F2 ⊇ C6. Therefore, m6(S 4,C6) ≤ 1.
Subcase 1.3. For 3 ≤ m < j2 + 1.
Since F1  Sm for 3 ≤ m < j2 + 1, then Δ(F1) ≤ m− 2 < j2 − 1, so δ(F2) ≥ ( j− 1)−Δ(F1) > j− 1− j2 + 1 = j2 . Thus,
by Lemma 1 F2 is pancyclic and so F2 ⊇ Cn, where 3 ≤ n ≤ j. Therefore, mj(Sm,Cn) ≤ 1 for 3 ≤ m < j2 + 1.
Case 2.
To show that mj(Sm,Cn) ≥ 2, we consider the following two subcases.
Subcase 2.1 For j = 4, 5 and n = m = 4.
We show ﬁrst that mj(S 4,C4) ≥ 2. For j = 4, letG1  C4 andG2 be the complement ofG1 relative to Kj, soG2  C4.
For j = 5, let G1  C5 and G2 be the complement of G1 relative to Kj, so G2  C4. Therefore, mj(S 4,C4) ≥ 2 for
j = 4, 5.
Let F1 ⊕ F2 be any factorization of Kj×2. We show that F1 ⊇ S 4 or F2 ⊇ C4. Suppose that F1  S 4. Then,
Δ(F1) ≤ 2, so δ(F2) ≥ 2( j − 1) > j for j = 4, 5. By Lemma 1, F2 is pancyclic and so F2 ⊇ C4. Therefore,
mj(S 4,C4) ≤ 2 for j = 4, 5.
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Subcase 2.2 For n is odd.
We consider two possibilities of j.
Subcase 2.2.1 For m = j2 + 1 and j is even.
We show ﬁrst that mj(Sm,Cn) ≥ 2. Let G1  2K j
2×1  2K j2 and let G2 be the complement of G1 relative to Kj×1  Kj.
Thus, Δ(G1) =
j
2 − 1. Since Δ(G1) = j2 − 1 < m − 1 then G1  Sm. Furthermore, since G2 is a bipartite graph then
G2  Cn for odd n. Therefore, mj(Sm,Cn) ≥ 2 for all odd n.
We will show that mj(Sm,Cn) ≤ 2. Let F1 ⊕ F2 be any factorization of Kj×2 and suppose that Sm is not a subgraph
of F1. Thus, Δ(F1) ≤ m − 2. This implies, δ(F2) ≥ ( j − 1)2 − (m − 2) = 2 j − 2 − j2 + 1 = 3 j2 − 1 > j, since j ≥ 3. By
Lemma 1, F2 ⊇ Cn, where n ≤ 2 j. Therefore, mj(Sm,Cn) ≤ 2 for all odd n.
Subcase 2.2.2 For m = 12 ( j + 3) and j is odd.
Let v1, v2, · · · , v j be the vertices of Kj×1  Kj. We devide the vertices of Kj into two sets, namely X1 = {v1, v2, · · · , v j2 }
and X2 = {v	 j2 
, v	 j2 
+1, · · · , v j}. Let F[X1] and F[X2] be two complete graphs. Let G1 = F[X1] ∪ F[X2] and G2 be the
complement ofG1 relative to Kj. Thus, G2 is a bipartite graph. This implies, Δ(G1) = 12 ( j− 1) < m− 1 thenG1  Sm.
Furthermore, since G2 is a bipartite graph then G2  Cn for odd n. Therefore, mj(Sm,Cn) ≥ 2 for all odd n.
We will show that mj(Sm,Cn) ≤ 2. Let F1 ⊕ F2 be any factorization of Kj×2 and suppose that Sm is not a subgraph
of F1. Thus, Δ(F1) ≤ m − 2. This implies, δ(F2) ≥ ( j − 1)2 − (m − 2) = 32 ( j − 1) ≥ j, since j ≥ 3. By Lemma 1,
F2 ⊇ Cn where n ≤ 2 j. Therefore, mj(Sm,Cn) ≤ 2 for all odd n.
Theorem 4. For positive integers 3 ≤ j < n and any m ≥ 3 we have:
mj(Sm,Cn) =
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
3, if j = 3, n = 6 and m = 4,
	 nj 
, if 3 ≤ m < 	 nj 
( j2 − 1) + 2,
	 nj 
 + 1, if n is odd and either[ m = 	 nj 
( j2 − 1) + 2, j is even ] or
[ m = 12 	 nj 
( j − 1) + 2, j is odd and j − 2 ≥ 	 nj 
].
Proof. We consider three following cases.
Case 1. For j = 3, n = 6, and m = 4.
We show ﬁrst that m3(S 4,C6) ≥ 3. Let G1  C6 and let G2 be the complement of G1 relative to K3×2. This implies,
G1  S 4 and G2  C6, see Fig.1. Thus, m3(S 4,C6) ≥ 3.
Fig. 1. G1  S 4 and G2  C6.
Now, we show that m3(S 4,C6) ≤ 3. Let F1 ⊕ F2 be any factorization of F  K3×3 and suppose that F1  S 4. Then,
Δ(F1) ≤ 2, so δ(F2) ≥ 4. If Δ(F1) ≤ 1 then, by Lemma 1, F2 is pancyclic and so F2 ⊇ C6. Now, without loss of
generality, we may assume d(x) = 2 for every x ∈ V(F1), then F1 is a 2-regular graph and F2 is a 4-regular graph.
If F1 is connected then F1 is a cycle C9. Otherwise, F1 is isomorphic to one of {C3 ∪ C6,C4 ∪ C5, 3C3}. If F1 has
no path P3 with the endpoints in the same partite, then F2 contains a bipartite subgraph G induced by 6 vertices in
any two partite sets, where δ(G) ≥ 2. By Theorem 1, F2 ⊇ C6. Otherwise (if F contains the P3), we can construct a
bipartite subgraph G in F2, as follows. Let A be the set of three vertices in this P3. Take B as the partite set of F2 not
containing this P3. So, there exists an induced bipartite subgraph G in F2 by A ∪ B, where δ(G) ≥ 2. By Theorem 1,
F2 ⊇ C6.
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Case 2. For 3 ≤ m < 	 nj 
( j2 − 1) + 2.
Let r = 	 nj 
. We show ﬁrst that mj(Sm,Cn) ≥ r. We consider a factorization of Kj×(r−1) := G1 ⊕G2 such that G1  Sm.
Since |V(G2)| = j(r − 1) < n, then G2  Cn.
Now, we will show that mj(Sm,Cn) ≤ r. Let Kj×r := F1 ⊕ F2 be any factorization and suppose that Sm is not a
subgraph of F1. Thus, Δ(F1) ≤ m− 2 < r( j2 − 1). Thus, δ(F2) ≥ ( j− 1)r − r( j2 − 1) = jr2 . Since δ(F2) ≥ jr2 , by Lemma
1, F2 ⊇ Cn where n ≤ jr. Thus mj(Sm,Cn) ≤ r for all 3 ≤ n ≤ jr.
Case 3. For n is odd.
Let t = 	 nj 
 + 1. To show that mj(Sm,Cn) = t, we consider two possibilities of j.
Subcase 3.1. For m = ( j2 − 1)(t − 1) + 2 and j is even.
We show ﬁrst that mj(Sm,Cn) ≥ t. Let G1  2K j
2×(t−1) and let G2 be the complement of G1 relative to Kj×(t−1). Thus,
Δ(G1) = (t− 1)( j2 − 1). Since Δ(G1) = (t− 1)( j2 − 1) < m− 1 then G1  Sm. Furthermore, sinceG2 is a bipartite graph
then G2  Cn for odd n. Therefore, mj(Sm,Cn) ≥ t for all odd n.
We will show that mj(Sm,Cn) ≤ t. Let F1 ⊕ F2 be any factorization of Kj×t and suppose that Sm is not a subgraph
of F1. Thus, Δ(F1) ≤ m − 2. This implies, δ(F2) ≥ ( j − 1)t − (m − 2) = jt2 + j2 − 1 ≥ jt2 , since j ≥ 3. By Lemma 1,
F2 ⊇ Cn, where n ≤ jt. Therefore, mj(Sm,Cn) ≤ t for all odd n.
Subcase 3.2. For m = 12 ( j − 1)(t − 1) + 2, j is odd, and j − 2 ≥ 	 nj 
.
Let V1,V2, · · · ,Vj−1 and Vj be the partite sets of Kj×(t−1). Let Vj = A ∪ B with ||A| − |B|| ≤ 1. We devide the partite
sets of Kj×(t−1) into two new partite sets, namely X1 = V1 ∪V2 ∪ · · · ∪V j2  ∪ A and X2 = V	 j2 
 ∪V	 j2 
+1 ∪ · · · ∪Vj−1 ∪ B.
Let F[X1] and F[X2] be two new complete multipartite graphs. Let G1 = F[X1] ∪ F[X2] and G2 be the complement
of G1 relative to Kj×(t−1), see Fig.2. Thus, G2 is a bipartite graph. This implies, Δ(G1) ≤ 12 ( j − 1)(t − 1). Since
Δ(G1) ≤ 12 ( j − 1)(t − 1) < m − 1 then G1  Sm. Furthermore, since G2 is a bipartite graph then G2  Cn for odd n.
Therefore, mj(Sm,Cn) ≥ t for all odd n.
Fig. 2. A bipartite graph G2 of Subcase 3.2
We will show that mj(Sm,Cn) ≤ t. Let F1 ⊕ F2 be any factorization of Kj×t and suppose that Sm is not a subgraph
of F1. Thus, Δ(F1) ≤ m − 2. This implies, δ(F2) ≥ ( j − 1)t − (m − 2) = jt2 + 12 ( j − t − 1) ≥ jt2 , since j ≥ t + 1. By
Lemma 1, F2 ⊇ Cn where n ≤ jt. Therefore, mj(Sm,Cn) ≤ t for all odd n.
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